Abstract. We show that Shlyakhtenko's free Araki-Woods factors are strongly solid, meaning that for any diffuse amenable von Neumann subalgebra that is the range of a normal conditional expectation, the normalizer remains amenable. This provides the first class of nonamenable strongly solid type III factors.
Introduction
A von Neumann algebra N is amenable if there exists a norm one projection Φ : B(L 2 (N )) → N . By Connes's fundamental result [Co75] , any amenable von Neumann algebra is approximately finite dimensional. Moreover, the class of amenable factors with separable predual is completely classified by the flow of weights [Co72, Co75, Ha85, Kr75] . In particular, there exists a unique amenable II 1 factor with separable predual: it is the hyperfinite II 1 factor R of Murray and von Neumann [MvN43] .
Starting with [Po01], Popa's deformation/rigidity theory has lead to far reaching classification and structure theorems for nonamenable factors. Particular attention was given to several types of indecomposability results for von Neumann algebras M , like primeness (the impossibility to write a factor as a nontrivial tensor product), solidity (inside M , there is no room for a nonamenable subalgebra and a diffuse subalgebra to commute) and absence of Cartan subalgebras (the impossibility to write a factor as one coming from a group action or an equivalence relation). The strongest possible indecomposability property for a von Neumann algebra M , encompassing primeness, solidity and the absence of Cartan subalgebras was discovered in Ozawa and Popa's breakthrough article [OP07] and called strong solidity.
Definition. Let M be any diffuse von Neumann algebra. Following [OP07] , we say that M is strongly solid if for any diffuse amenable von Neumann subalgebra Q ⊂ M with faithful normal conditional expectation E Q : M → Q, the normalizer N M (Q) ′′ generated by N M (Q) := {u ∈ U (M ) | uQu * = Q} remains amenable.
In [OP07] , the free group factors L(F n ), 2 ≤ n ≤ +∞, were shown to be strongly solid. This result strengthens both Voiculescu's [Vo95] proving that the free group factors have no Cartan subalgebra and Ozawa's [Oz03] proving that the free group factors are solid.
The type III counterparts of the free group factors are Shlyakhtenko's free Araki-Woods factors [Sh96] , defined via Voiculescu's free Gaussian functor [Vo85, VDN92] . Although free ArakiWoods factors were shown to be solid and to have no Cartan subalgebra [HR10] , strong solidity remained an open problem. So far, there were even no examples of strongly solid type III factors altogether. As we explain in detail below, the strong solidity of a type III factor M is closely related to a relative strong solidity property of its continuous core c(M ), which is a semifinite von Neumann algebra. The main results of [OP07] apply to the finite corners pc(M )p. But, in order to be applicable to c(M ), we need to control, inside pc(M )p, not only normalizers but also so-called groupoid-normalizers or stable normalizers. That is precisely the problem that we solve in the present paper and that allows us to prove that all free Araki-Woods factors are strongly solid.
Following [Sh96] , to any orthogonal representation U : R H R on a real Hilbert space, one associates the free Araki-Woods von Neumann algebra Γ(H R , U ) ′′ , which comes equipped with the free quasi-free state ϕ U (see Section 2 for a detailed construction).
Free Araki-Woods factors were first studied in the framework of Voiculescu's free probability theory. A complete description of their type classification as well as fullness and computation of Connes's Sd and τ invariants was obtained in [Sh96, Sh97a, Sh97b, Sh02] (see also the survey [Va04] ). We have Γ(H R , id) ′′ ∼ = L(F dim(H R ) ) when U = 1 H R and Γ(H R , U ) ′′ is a full type III factor when U = 1 H R . Moreover, the free Araki-Woods factor Γ(H R , U ) ′′ admits a discrete decomposition in the sense of [Co74] if and only if the orthogonal representation U : R H R is almost periodic. The class of free Araki-Woods factors is quite large. Indeed, there are uncountably many pairwise nonisomorphic type III 1 free Araki-Woods factors that admit a discrete decomposition [Sh96] as well as uncountably many that do not [Sh02] . More recently, free Araki-Woods factors were studied using Popa's deformation/rigidity theory. This new approach allowed to obtain various indecomposability results in [Ho08, HR14] and to show that free Araki-Woods factors satisfy the complete metric approximation property (CMAP) [HR10, Theorem A] and have no Cartan subalgebra [HR10, Theorem B].
The following is then our main result.
Main theorem. For every orthogonal representation U : R H R such that dim H R ≥ 2, the free Araki-Woods factor Γ(H R , U ) ′′ is strongly solid.
The main step to prove this result is to adapt the proof of Ozawa-Popa's [OP07, Theorem 3.5] so as to cover as well the groupoid-normalizer or stable normalizer of Q ⊂ M , defined as the von Neumann algebra generated by {x ∈ M | xQx * ⊂ Q and x * Qx ⊂ Q}. We thus prove in particular that for any diffuse amenable Q ⊂ L(F n ), the stable normalizer of Q remains amenable.
To prove that a free Araki-Woods factor M = Γ(H R , U ) ′′ is strongly solid, we proceed as follows. Fix a diffuse amenable von Neumann subalgebra Q ⊂ M with expectation (meaning that there exists a faithful normal conditional expectation E Q : M → Q). We have to prove that P := N M (Q) ′′ remains amenable. Using Connes's continuous decomposition [Co72] , we have natural inclusions of the semifinite continuous cores c(Q) ⊂ c(P ) ⊂ c(M ). In general, it is not true that c(P ) is contained in the normalizer of c(Q). However, since M is solid (see e.g. [HR14, Theorem A]), we may replace Q by Q ∨ (Q ′ ∩ M ) and assume that Q ′ ∩ M = Z(Q). Then, c(P ) is contained in the normalizer of c(Q) (see Lemma 4.1) and by Takesaki's duality theorem [Ta03, Theorem X.2.3], it suffices to show that N c(M ) (c(Q)) ′′ is amenable.
Cutting down by any nonzero finite projection in c(Q), we obtain the inclusions of finite (tracial) von Neumann algebras Q ⊂ P ⊂ M where Q = pc(Q)p, P = p(N c(M ) (c(Q)) ′′ )p and M = pc(M )p. It is important to point out that P need not be contained in the normalizer of Q, but is always contained in the stable normalizer of Q.
By [HR10, Theorem A], the tracial von Neumann algebra M has CMAP and it has a natural malleable deformation in the sense of [Po03] . So we are exactly in the setting of [OP07] , except that we need to extend their main result on weak compactness to stable normalizers. We do this in Proposition 3.6. Acknowlegment. R.B. is grateful to Adrian Ioana for many stimulating discussions on this project.
Preliminaries
2.1. Background on σ-finite von Neumann algebras. For any von Neumann algebra M , we denote by Z(M ) the center of M , by U (M ) the group of unitaries in M and by (M, L 2 (M ), J, L 2 (M ) + ) the standard form of M . We say that an inclusion of von Neumann algebras P ⊂ M is with expectation if there exists a faithful normal conditional expectation E P : M → P . We say that a σ-finite von Neumann algebra M is tracial if it is endowed with a faithful normal tracial state τ .
Let M be any σ-finite von Neumann algebra with predual M * and ϕ ∈ M * any faithful state. We denote by σ ϕ the modular automorphism group of the state ϕ. The continuous core of M with respect to ϕ, denoted by c ϕ (M ), is the crossed product von Neumann algebra M ⋊ σ ϕ R. The natural inclusion π ϕ : M → c ϕ (M ) and the unitary representation λ ϕ : R → c ϕ (M ) satisfy the covariance relation
There is a unique faithful normal conditional expectation E Lϕ(R) : 2.2. Free Araki-Woods factors. Let H R be any real Hilbert space and U : R H R any orthogonal representation. Denote by H = H R ⊗ R C = H R ⊕ iH R the complexified Hilbert space, by I : H → H : ξ + iη → ξ − iη the canonical anti-unitary involution on H and by A the infinitesimal generator of U : R H, that is, U t = A it for all t ∈ R. Observe that j :
We introduce the full Fock space of H:
The unit vector Ω is called the vacuum vector. For all ξ ∈ H, define the left creation operator ℓ(ξ) :
We have ℓ(ξ) ∞ = ξ and ℓ(ξ) is an isometry if ξ = 1. For all ξ ∈ K R , put W (ξ) := ℓ(ξ) + ℓ(ξ) * . The crucial result of Voiculescu [VDN92, Lemma 2.6.3] is that the distribution of the self-adjoint operator W (ξ) with respect to the vector state ϕ U = · Ω, Ω is the semicircular law of Wigner supported on the interval [−2 ξ , 2 ξ ].
Definition 2.1 (Shlyakhtenko, [Sh96] ). Let U : R H R be any orthogonal representation of R on a real Hilbert space H R . The free Araki-Woods von Neumann algebra associated with
The vector state ϕ U = · Ω, Ω is called the free quasi-free state and is faithful on Γ(H R , U ) ′′ . The modular automorphism group σ ϕ U satisfies the formula
for all ξ ∈ K R and all t ∈ R. We also point out that M = Γ(H R , U ) ′′ satisfies Ozawa's condition (AO) (see e.g. [HI15, Appendix]) and hence is solid by [Oz03, VV05] , that is, for any diffuse subalgebra with expectation Q ⊂ M , the relative commutant Q ′ ∩ M is amenable.
2.3. Popa's intertwining-by-bimodules. Popa introduced his method of intertwining-bybimodules in [Po01, Po03] . In the present work, we make use of these results in the context of semifinite von Neumann algebras. Let (M, Tr) be any semifinite σ-finite von Neumann algebra endowed with a fns trace. Let p ∈ M be any nonzero finite trace projection and A ⊂ pM p any von Neumann subalgebra. Let B ⊂ M be any von Neumann subalgebra such that Tr| B is still semifinite and denote by E B : M → B the unique trace preserving conditional expectation. We say that A embeds into B inside M (and write A ≺ M B) if there exists a nonzero projection q ∈ B with Tr(q) < +∞ such that A ≺ qBq in the sense of Popa (inside the finite von Neumann algebra (p ∨ q)M (p ∨ q)). We refer to e.g. [HR10, Section 2.1] for further details.
Stable normalizers in II 1 factors
In this section, we prove stable strong solidity results for II 1 factors. As pointed out in [Ho09, Proposition 5.2], strong solidity is preserved under finite amplifications. However as we explain below, there is a priori no reason for strong solidity to be preserved under infinite amplifications. Nevertheless, we prove in this section that for many known cases of strongly solid II 1 factors, their infinite amplification remains strongly solid.
Definition 3.1. Given a von Neumann algebra M and a von Neumann subalgebra
We call the von Neumann algebra sN M (Q) ′′ the stable normalizer of Q inside M .
The terminology stable normalizer is motivated by Lemma 3.4(3) saying that the stable normalizer of Q is given by the normalizer of the stabilization Q ⊗ B(ℓ 2 (N)) of Q.
Note that xy and x * belong to sN M (Q) for all x, y ∈ sN M (Q). Also, Q ⊂ sN M (Q) and the linear span of sN M (Q) is a * -algebra containing Q and Q ′ ∩ M . The polar decomposition x = v|x| of an element x ∈ sN M (Q) satisfies the following properties: |x| ∈ Q, v is a partial isometry whose initial projection p = v * v and final projection q = vv * belong to Q and that satisfies vQv * = qQq.
Assume moreover that Q ⊂ M is with expectation. Then sN M (Q) ′′ ⊂ M is also with expectation. Indeed, we may choose a faifhful state Definition 3.2. We say that a diffuse von Neumann algebra M is stably strongly solid if for every diffuse amenable von Neumann subalgebra with expectation A ⊂ M , we have that sN M (A) ′′ remains amenable.
A priori, strong solidity does not imply stable strong solidity. The reason for this is that the stable normalizer has a qualitatively more general behavior than the normalizer, as can be seen as follows. Assume that M is a II 1 factor with tracial state τ . Let A ⊂ M be a von Neumann subalgebra. When u ∈ N M (A), then Ad u defines a trace preserving automorphism of A. In particular, the restriction of Ad u to the center of A defines a trace preserving automorphism of Z(A). When v ∈ M is a partial isometry with p = v * v ∈ A, q = vv * ∈ A and vAv * = qAq, the restriction of Ad v to the center of A defines a partial automorphism of Z(A) that need not be trace preserving. Writing Z(A) = L ∞ (X, µ), it even happens quite naturally that the orbit equivalence relation induced by the orbits of all these Ad v is a type III equivalence relation on (X, µ) (see [MV13] for an example where this phenomenon occurs).
Note that the stable normalizer of a von Neumann subalgebra Q ⊂ M is contained in the quasi-normalizer, defined as the von Neumann algebra generated by
If Q ⊂ M is with expectation, then QN M (Q) ′′ ⊂ M is also with expectation. The proof is entirely analogous to the one showing that sN M (Q) ′′ ⊂ M is with expectation. In general, the inclusion sN M (Q) ′′ ⊂ QN M (Q) ′′ is strict. Nevertheless, when Q is abelian, we have the following result. Proof. Since A is abelian, QN M (A) ′′ is generated by partial isometries v ∈ M with right support p = v * v and left support q = vv * belonging to A ′ ∩ M and with vAv * = Aq. Writing
Since M is in particular solid, Q is diffuse and amenable. By stable strong solidity and since Q ⊂ M is with expectation, we conclude that sN M (Q) ′′ is amenable and thus also Lemma 3.4. Let M be a von Neumann algebra and Q ⊂ M a von Neumann subalgebra.
(1) For every projection q ∈ Q, we have qsN
We also need the following technical lemma providing an explicit dilation of a partial isometry in sN M (Q) to a normalizing unitary of an infinite amplification of Q. We need this explicit version to get as a conclusion that for every amenable Q and every fixed x ∈ sN M (Q), the von Neumann algebra (Q ∪ {x, x * }) ′′ remains amenable. Again the method of proof is basically given by [JP81, Lemma 2.1].
Lemma 3.5. Let M be a von Neumann algebra and Q ⊂ M a σ-finite von Neumann subalgebra.
Denote by e ∈ B(ℓ 2 (N × N)) the minimal projection given by the unit vector δ 0 ⊗ δ 0 .
For every x ∈ sN M (Q), there exist u ∈ N M ( Q) and a, b ∈ Q such that
If Q is amenable and x ∈ sN M (Q), then (Q ∪ {x, x * }) ′′ remains amenable.
Proof. Denote by e 00 ∈ B(ℓ 2 (N)) the minimal projection given by the unit vector δ 0 . By taking the polar decomposition of x, we may assume that x = v is a partial isometry with p = v * v and q = vv * belonging to Q and vQv * = qQq. We prove that there exists a u ∈ N M ( Q) such that v ⊗ e = u(p ⊗ e) = (q ⊗ e)u. Denote by z p the central support of p in Q and similarly define z q . Define Q 1 = Q ⊗ B(ℓ 2 (N)) and view Q 1 as a von Neumann subalgebra of
In Q 1 , the projection z p ⊗1 is equivalent with infinitely many copies of p⊗e 00 . So we can take a sequence of partial isometries w n ∈ Q 1 such that w * n w n = p⊗e 00 for all n and n w n w * n = z p ⊗1. We make this choice such that w 0 = p ⊗ e 00 . Similarly take a sequence of partial isometries v n ∈ Q 1 such that v * n v n = q ⊗ e 00 and n v n v * n = z q ⊗ 1. Also here, we make this choice such
for some probability space (X, µ). Take U , V ⊂ X such that z p = 1 U and z q = 1 V . The restriction of Ad V to Z(Q 1 ) = Z(Q)⊗1 induces a nonsingular transformation ϕ : U → V. Denote by R the countable nonsingular equivalence relation on (X, µ) generated by the graph of ϕ. Using powers of V and V * , it follows that every partial transformation ψ in the full pseudogroup of R is given by the restriction of Ad W to Z(Q 1 ) for some partial isometry W ∈ M 1 such that z = W * W and z ′ = W W * belong to Z(Q 1 ) and
Define the equivalence relation R on X = X × N given by (x, i) R(y, j) iff xRy. We say that two Borel subsets of X are equivalent if they are, up to measure zero, the range (resp. domain) of an element of the full pseudogroup [[ R]]. By construction, the sets U × {0} and V × {0} are equivalent. Being properly infinite with R-saturations equal to X, also the sets X \ (U × {0}) and X \ (V × {0}) are equivalent. This means that we can find a partial isometry W ∈ M such that W * W = 1 − z p ⊗ 1 ⊗ e 00 , W W * = 1 − z q ⊗ 1 ⊗ e 00 and W QW * = Q(1 − z q ⊗ 1 ⊗ e 00 ).
The unitary u = V ⊗ e 00 + W belongs to N M ( Q) and satisfies v ⊗ e = u(p ⊗ e) = (q ⊗ e)u.
Finally assume that Q is amenable and x ∈ sN M (Q). First, replace M by (Q ∪ {x, x * }) ′′ . Then, take u as above. Since Q is amenable and u normalizes Q, also P := ( Q ∪ {u, u * }) ′′ is amenable. Since the von Neumann algebra (1 ⊗ e) P (1 ⊗ e) contains Q and x, it must be equal to M ⊗ e and we conclude that M is amenable.
3.2. A general weak compactness argument. In [OP07, Theorem 3.5], Ozawa and Popa proved the following seminal result: if a tracial von Neumann algebra (M, τ ) has the complete metric approximation property (CMAP) and A ⊂ M is any amenable von Neumann subalgebra, then the action of the normalizer N M (A) on A given by conjugacy is weakly compact in the sense of [OP07, Definition 3.1], meaning that there exists a net of unit vectors ξ n ∈ L 2 (A⊗ A op ) such that
Here, we denote by A op the opposite von Neumann algebra of A. We also denote a = (a * ) op for every a ∈ A.
We adapt the proof of [OP07, Theorem 3.5] to also cover conjugation by elements x ∈ sN M (A).
Fix a tracial von Neumann algebra (M, τ ) and a von Neumann subalgebra A ⊂ M . Denote by E Z the unique trace preserving conditional expectation of A onto Z(A). For every x ∈ sN M (A), we define z r x as the support projection of E Z (x * x) and we define z l x as the support of E Z (xx * ). Write x = v|x| for the polar decomposition of x ∈ sN M (A) and let p = v * v and q = vv * . Then we have |x| ∈ A and vAv * = qAq so that v ∈ sN M (A)
We need the following notation.
Note that for every x ∈ sN M (A), we can choose a sequence of projections z n ∈ Z(A) such that z n → 1 strongly and xz n ∈ sN 0 M (A) for every n. In particular, sN 0 M (A) generates the same von Neumann algebra as sN M (A). For every x ∈ sN 0 M (A), the Radon-Nikodym derivative ∆ x is a bounded invertible operator in Z(A)z l x . Proposition 3.6 (Weak compactness). Let (M, τ ) be a tracial von Neumann algebra with the CMAP and take an amenable von Neumann subalgebra A ⊂ M . Then there exists a net of positive vectors ξ n ∈ L 2 (A ⊗ A op ) such that
Also, for every partial isometry v ∈ sN 0 M (A), there exists an element T (v) in the unit ball of M ⊗ M op and a sequence of elements T (v, k) in the unit ball of M ⊗ alg M op such that
Proof. Since M has CMAP, we can take a net of finite rank, normal, completely bounded maps ϕ n : M → M such that lim n ϕ n cb = 1 and lim n ϕ n (x) − x 2 = 0 for all x ∈ M . Exactly as in the proof of [OP07, Theorem 3.5], we then define, for every amenable von Neumann subalgebra Q ⊂ M , the normal functionals µ
for all a, b ∈ Q and satisfying lim n µ Q n = 1. We define the normal states ω 
for all a ∈ Q.
We view ω Q n as an element of L 1 (Q ⊗ Q op ) + . We define ξ n = (ω A n ) 1/2 and prove that the net ξ n ∈ L 2 (A ⊗ A op ) + satisfies the conclusions of the proposition.
Properties (1) and (3) hold immediately. Since we already have (1), it suffices to prove property (2) when x = v is a partial isometry in sN 0 M (A). Fix such a v and write q = vv * , p = v * v. Define D r = (E Z (p)) 1/2 and D l = (E Z (q)) 1/2 . Denote by z r , z l the support projections of D r , D l . Then, D r (resp. D l ) are invertible operators in Z(A)z r (resp. Z(A)z l ) and ∆ ′′ . By Lemma 3.5, Q is amenable. It then follows from (3.2) that
By Lemma 3.9 below, we can take sequences of elements a i , b j ∈ A such that (3.5)
We make this choice such that a 0 = q and b 0 = p.
Consider the von Neumann algebra N = B(ℓ 2 (N 2 )⊕C)⊗M ⊗M op with its canonical semifinite trace Tr⊗τ and associated 1-norm · 1 and 2-norm · 2 . View B(C, ℓ 2 (N 2 )) ⊂ B(ℓ 2 (N 2 )⊕C) and denote by e ij ∈ B(C, ℓ 2 (N 2 )) the operator given by e ij (µ) = µδ ij , where (δ ij ) i,j∈N is the canonical orthonormal basis of ℓ 2 (N 2 ). We will identify B(C,
Observe that this identification preserves the 1-norm · 1 and the 2-norm · 2 .
Define V ∈ B(C, ℓ 2 (N 2 )) ⊗ M ⊗ 1 given by
Note that V is a well defined bounded operator satisfying V * V = z r ⊗ 1. We similarly define W ∈ B(C, ℓ 2 (N 2 )) ⊗ 1 ⊗ M op given by
and note that W * W = 1 ⊗ z op l . We claim that (3.4) together with properties (1) and (3) implies that
For every finite subset F ⊂ N 2 , we define V F and W F in the same way as V and W by only summing over (i, j) ∈ F. Note that V F ≤ 1 for all F ⊂ N 2 and note that V − V F 2 can be made arbitrarily small. For all U 1 , U 2 ∈ B(C, ℓ 2 (N 2 )) ⊗ M ⊗ 1, we find using the Cauchy-Schwarz inequality and property (3) that lim sup
The same inequality holds for all U 1 , U 2 ∈ B(C, ℓ 2 (N 2 )) ⊗ 1 ⊗ M op . From (3.4) and property (1), we immediately get that for every finite subset F ⊂ N 2 ,
By the preceding discussion, we conclude that also (3.6) holds.
Because D r belongs to the center of A and V * V = z r ⊗ 1, the element V (D r ⊗ 1) ξ n V * is the positive square root of
Multiplying on the left with e * 00 ⊗ 1 ⊗ 1 and on the right with e 00 ⊗ 1 ⊗ 1, we find that lim
Since vD r = α v (D r )v, using (1) r ) ⊗ 1, we find that lim
we finally obtain (2). Denote T (v) = W * V . Then T (v) belongs to the unit ball of M ⊗ M op . Multiplying (3.7) on the left with e * 00 ⊗ 1 ⊗ 1 and on the right with V , we find that lim
Using (1) 
we conclude that also the third estimate in (3.1) holds.
Replacing in the above reasoning v by v * , in (3.5), we interchange to roles of a i and b j . We then get that
, it follows that also the second and fourth estimate in (3.1) hold.
3.3. Consequences of weak compactness. The approximate invariance given by weak compactness as in (3.1) combines very well with deformation/rigidity theory. In particular, we can apply to ξ n any s-malleable deformation of M , in the sense of [Po03] , i.e. a trace preserving inclusion (M, τ ) ⊂ ( M , τ ) together with a strongly continuous one-parameter group of trace preserving automorphisms (α t ) t∈R of M and a trace preserving period 2 automorphism β ∈ Aut( M , τ ) satisfying β • α t = α −t • β and β| M = id.
Following [PV11, Definition 2.3], for any tracial von Neumann algebras P ⊂ (M, τ ) and (Q, τ ), we say that an M -Q-bimodule M K Q is left P -amenable if there exists a P -central state Ω on B(K) ∩ (Q op ) ′ whose restriction to M equals τ . The methods of [OP07, Section 4] can be applied and give the following result.
Proposition 3.7. Let (M, τ ) be a tracial von Neumann algebra with the CMAP and A ⊂ M a von Neumann subalgebra. Assume that ξ n ∈ L 2 (A ⊗ A op ) is a net of positive vectors satisfying the conclusion of Proposition 3.6. Also assume that (α t ) t∈R is an s-malleable deformation as above. Then at least one of the following statements holds.
(1) We have that lim t→0 sup a∈U (A) α t (a) − a 2 = 0.
(2) Writing P = sN M (A) ′′ , there exists a nonzero projection p ∈ Z(P ) such that the pM p-
the orthogonal projection and write e ⊥ M = 1 − e M . One of the following properties holds.
(1) For every ε > 0, there exists a t 0 > 0 such that for every t ∈ R with |t| ≤ t 0 , we have lim sup n (e ⊥ M α t ⊗ id)(ξ n ) 2 ≤ ε. (2) There exists an ε > 0 and a sequence t k ∈ R such that lim k t k = 0 and such that for every k, we have lim sup
We prove that the first (resp. second) of these properties implies the first (resp. second) conclusion in the proposition.
Assume that (1) holds. By [Po06, Lemma 2.1], the following transversality condition holds for
We can then take a t 0 > 0 such that for every t ∈ R with |t| ≤ t 0 , we have lim sup n (α t ⊗ id)(ξ n ) − ξ n 2 ≤ ε. Fix t ∈ R with |t| ≤ t 0 . We prove that α t (a) − a 2 ≤ 2 √ ε for every a ∈ U (A), so that the first conclusion of the proposition indeed holds. Fix a ∈ U (A). Because lim
and because lim sup n (α t ⊗ id)(ξ n ) − ξ n 2 ≤ ε, we get that
But the left hand side equals lim sup
So, we have proved that |1 − τ (α t (a)a * )| ≤ 2ε. Then also,
Next assume that (2) holds with ε > 0 and (t k ) k . We start by proving the following claim : for every x ∈ M and every δ > 0, we have that for small enough t ∈ R lim sup
Indeed, it suffices to observe that the left hand side equals lim sup
and that α −t (x) − x 2 → 0 as t → 0. Then also for every T ∈ M ⊗ alg M op and every δ > 0, we have that for small enough t ∈ R lim sup
We construct a subnet ζ i of the net ζ j,n = (e ⊥ M α t j ⊗ id)(ξ n ) such that ε ≤ ζ i 2 ≤ 1 for every i and such that for every partial isometry v ∈ sN 0 M (A) and every x ∈ M , we have lim
where the S(v, i) are elements in the unit ball of M ⊗ alg M op . The index set of the net ζ i is given by i = (F, G, δ) where F is a finite set of partial isometries in sN 0 M (A), G ⊂ M is a finite subset and δ > 0. Given i = (F, G, δ) and using the notation of (3.1), we take k large enough such that for every v ∈ F, we have that
Using the claim in the previous paragraph, we then take j large enough such that lim sup
for all x ∈ F ∪ G and such that lim sup
for all v ∈ F. We finally take n large enough such that the vector
for all v ∈ F and all x ∈ G. So we have found the net ζ i satisfying (3.8).
Denote P = sN M (A) ′′ and define S as the commutant of the right M -action on L 2 ( M ⊖ M ). Taking a subnet of the net ζ i , we may assume that the net of positive functionals S → C : T → (T ⊗ 1)ζ i , ζ i converges weakly * to a positive functional Ω on S. By (3.8), we get for all T ∈ S and all partial isometries v ∈ sN 0
Since ζ i 2 ≥ ε for all i, also Ω(1) ≥ ε, so that Ω is nonzero. By (3.8), we get that Ω(x * x) ≤ τ (x * x) for all x ∈ M . The Cauchy-Schwarz inequality then implies that
for all T ∈ S and v, w ∈ M . Since Ω(T v) = Ω(vT ) when v is a partial isometry in sN 0 M (A), taking linear combinations and · 2 -limits, it follows that Ω is a nonzero P -central functional on S. Since Ω| M ≤ τ , the restriction of Ω to M is normal. Denote by p ∈ M the support projection of Ω| M . Then, p ∈ P ′ ∩ M . Since A ⊂ P and A ′ ∩ M ⊂ P , it follows that p ∈ Z(P ). As in [OP07, Theorem 2.1], we conclude that the pM p-M -bimodule pL 2 ( M ⊖ M ) is left P p-amenable.
Propositions 3.6 and 3.7 will be key to prove that free Araki-Woods factors are strongly solid. We also have the following consequence.
Theorem 3.8. Let Γ be a countable group with the CMAP that admits a proper 1-cocycle into an orthogonal representation that is weakly contained in the regular representation. Then, M = L(Γ) is stably strongly solid: for every diffuse amenable von Neumann subalgebra A ⊂ M , we have that sN M (A) ′′ remains amenable.
Proof. This follows immediately from Propositions 3.6 and 3.7 by using the s-malleable deformation associated with a 1-cocycle in [Si10] .
We needed the following well known lemma.
Lemma 3.9. Let (A, τ ) be a tracial von Neumann algebra. Denote by E Z : A → Z(A) the unique trace preserving conditional expectation. If x, y ∈ A + satisfy E Z (x) = E Z (y), then there exists a sequence of elements a k ∈ A such that
Proof. The result follows from a maximality argument and the equality E Z (a * a) = E Z (aa * ) for all a ∈ A.
Remark 3.10. By Proposition 3.3, for the same groups Γ as in Theorem 3.8, the group von Neumann algebra M = L(Γ) has the following property: for every diffuse abelian von Neumann subalgebra A ⊂ M , the quasi-normalizer QN M (A) ′′ is amenable. However, we leave open the question whether QN M (A) ′′ is amenable for every diffuse amenable subalgebra A ⊂ M . Note here that in specific case of the free group factors M = L(F n ) and using free entropy dimension, it was proved in [Vo95] that for a diffuse abelian A ⊂ M , the * -algebra QN M (A) cannot be dense in M . In [Ha15] , this result was generalized to arbitrary diffuse amenable subalgebras A ⊂ M .
3.4.
Relative stable strong solidity. In Proposition 3.6, we showed how to adapt the weak compactness of [OP07] so as to cover the stable normalizer sN M (A) ′′ rather than the normalizer N M (A) ′′ . In exactly the same way, the methods of [PV11, Section 5.1] can be extended to the stable normalizer. As a consequence, one obtains the following improvement of [PV11, Theorem 1.6].
Theorem 3.11. Let Γ be a countable group with the CMAP that admits a proper 1-cocycle into an orthogonal representation that is weakly contained in the regular representation. Assume that Γ (B, τ ) is any trace preserving action on the tracial von Neumann algebra (B, τ ). Put M = B ⋊ Γ and let A ⊂ M be a von Neumann subalgebra that is amenable relative to B. Then at least one of the following statements holds.
(2) sN M (A) ′′ remains amenable relative to B.
As a consequence of Theorem 3.11, also the results of [Io12, Va13] on the normalizer of subalgebras A of amalgamated free products M = M 1 * B M 2 generalize to the stable normalizer sN M (A) ′′ .
On the other hand, it is not clear to us whether Proposition 3.6 and Theorems 3.8 and 3.11 remain valid if we replace CMAP by weak amenability because so far, we were unable to extend the methods of [Oz10, Section 4] to the stable normalizer.
Proof of the Main Theorem
The following general lemma will be the key to deduce strong solidity results for type III factors from structural results of their continuous core.
Lemma 4.1. Let Q ⊂ M be any inclusion of σ-finite von Neumann algebras with faithful normal conditional expectation E Q : M → Q. Let ϕ ∈ M * be any faithful state such that ϕ • E Q = ϕ. Then for any u ∈ N M (Q) and any t ∈ R, we have u * σ
Proof of the main theorem. First, observe that every free Araki-Woods factor is contained with expectation in a free Araki-Woods factor of type III 1 . Indeed, for any orthogonal representation U : R H R , we have the following inclusion with expectation
where λ : R L 2 R (R) is the regular representation and Γ(H R ⊕L 2 R (R), U ⊕λ) ′′ is a free ArakiWoods factor of type III 1 . Since strong solidity is preserved under taking diffuse subalgebras with expectation, we may assume that M := Γ(H R , U ) ′′ is a free Araki-Woods factor of type III 1 .
Let Q ⊂ M be any diffuse amenable von Neumann subalgebra with expectation. We want to prove that P := N M (Q) ′′ is amenable. Fix a faithful state ψ ∈ M * such that Q is globally invariant under the modular automorphism group σ ψ . Observe that
is with expectation, it suffices to prove that N M (Q) ′′ is amenable. Therefore, without loss of generality, we may further assume that Q = Q, that is, Q ′ ∩ M = Z(Q). Now, assume by contradiction that P = N M (Q) ′′ is not amenable. Then there exists a nonzero central projection z ∈ Z(P ) such that P z has no amenable direct summand. Since Z(P ) ⊂ Q ′ ∩ M = Z(Q), we have z ∈ Z(Q). Then we have Qz ⊂ zM z, (Qz) ′ ∩ zM z = Z(Qz) and N zM z (Qz) ′′ = P z has no amenable direct summand. Since zM z ∼ = M , we may replace Q ⊂ M by Qz ⊂ zM z and assume without loss of generality that P = N M (Q) ′′ has no amenable direct summand.
, Lemma 4.1 shows that we have uσ ψ t (u * ) ∈ U (Q) for all t ∈ R. Therefore, we have
we finally have c ψ (P ) ⊂ N c ψ (M ) (c ψ (Q)) ′′ . This proves the claim.
Since P has no amenable direct summand, c ψ (P ) has no amenable direct summand either by [BHR12, Proposition 2.8]. The above claim further implies that N c ψ (M ) (c ψ (Q)) ′′ has no amenable direct summand. Denote by ϕ = ϕ U the free quasi-free state on M and put M 0 := c ϕ (M ), Q 0 := Π ϕ,ψ (c ψ (Q)) and 
Since M is a type III 1 factor, M 0 is a type II ∞ factor and hence there exists a unitary u ∈ U (M 0 ) such that upu * ∈ L ϕ (R). Therefore, up to conjugating Q 0 (and P 0 ) by a unitary in U (M 0 ), we may assume that p ∈ L ϕ (R). We still have (4.1). 
. Then [HR10, Theorem 4.3] and (4.1) imply that this deformation does not converge uniformly on U (pQ 0 p). Put P 1 := sN pM 0 p (pQ 0 p) ′′ and observe that pP 0 p ⊂ P 1 . Proposition 3.7 implies that there exists a nonzero projection q ∈ Z(P 1 ) such that the qN q-N -bimodule qL 2 ( N ⊖ N ) is left P 1 q-amenable. Therefore, the coarse qN q-N -bimodule is left P 1 q-amenable by [PV11, Corollary 2.5] which further implies that P 1 q is amenable by [PV11, Proposition 2.4]. This however contradicts the fact that P 0 has no amenable direct summand.
Further remarks on stable strong solidity
In this section, we clarify the relationship between stable strong solidity and strong solidity. Lemma 3.4(3) shows that if the infinite amplification M ⊗ B(ℓ 2 (N)) of a diffuse σ-finite von Neumann algebra M is strongly solid then M is stably strongly solid. We will show that the converse is also true. First, we prove the following useful lemma. Note that N centralizes both weights Tr and ϕ. Then for all t ∈ R, the Radon-Nikodym derivative (Dϕ : DTr) t = h it commutes with N . This shows that h it ∈ N ′ ∩ M = Z(N ) for all t ∈ R and hence h is affiliated with the center Z(N ) of N . Since ϕ is semifinite on N and h is a nonsingular operator affiliated with Z(N ), also Tr is semifinite on N . Since ϕ • E N = ϕ, also Tr • E N = Tr.
Corollary 5.2. Let M be any diffuse σ-finite von Neumann algebra. Then the following facts are true:
(1) M is solid if and only if its infinite amplification M ⊗ B(ℓ 2 (N)) is solid.
(2) M is stably strongly solid if and only if its infinite amplification is strongly solid.
Proof. First, observe that a direct sum of von Neumann algebras is solid (resp. (stably) strongly solid) if and only if each direct summand is solid (resp. (stably) strongly solid). Next, any solid von Neumann algebra with diffuse center is amenable. Also, the notions of stable strong solidity and strong solidity coincide for properly infinite von Neumann algebras by Lemma 3.4(2, 3). Therefore, we only need to consider the case where M is a II 1 factor. Denote by M ∞ := M ⊗ B(ℓ 2 (N)) the infinite amplification of M equipped with the canonical fns trace Tr := τ ⊗ Tr B(ℓ 2 (N)) .
(1) If M ∞ is solid then M is solid as well since M ⊂ M ∞ is with expectation and solidity is preserved under taking diffuse subalgebras with expectation. Assume now that M is solid and take a diffuse subalgebra N ⊂ M ∞ with expectation. Take a diffuse abelian subalgebra A ⊂ N with expectation. To prove that N ′ ∩ M ∞ is amenable, it is sufficient to prove that A ′ ∩ M ∞ is amenable since N ′ ∩ M ∞ ⊂ A ′ ∩ M ∞ is with expectation.
Since A is abelian, we have A ⊂ A ′ ∩M ∞ := Q and hence Q ′ ∩M ∞ ⊂ Q. Then Lemma 5.1 implies that the semifinite trace Tr on M ∞ remains semifinite on Q. Since Q is diffuse, Tr| Q is semifinite and Tr(1) = +∞, we may take a sequence of pairwise orthogonal projections p n ∈ Q such that Tr(p n ) = 1 for all n and n p n = 1. Then for all n, we have that p n Qp n = (Ap n ) ′ ∩ p n M ∞ p n . Since p n M ∞ p n ∼ = M is solid, we have that p n Qp n is amenable for all n and we conclude that Q is amenable.
(2) Lemma 3.4(3) shows the "if" part. Let us show the "only if" part. Assume that M is stably strongly solid and take a diffuse amenable subalgebra Q ⊂ M ∞ with expectation.
By (1), M ∞ is solid and hence Q := Q ∨ (Q ′ ∩ M ∞ ) is also diffuse amenable and N M∞ (Q) ′′ is contained with expectation inside N M∞ (Q) ′′ . Hence replacing Q by Q if necessary, we may assume that Q ′ ∩ M ∞ ⊂ Q. Then Lemma 5.1 implies that the semifinite trace Tr on M ∞ remains semifinite on Q.
Take a sequence of pairwise orthogonal projections p n ∈ Q such that Tr(p n ) = 1 for all n and n p n = 1. Since p n M ∞ p n ∼ = M is stably strongly solid, we have that sN pnM∞pn (p n Qp n ) ′′ is amenable for all n. Hence p n (N M∞ (Q) ′′ )p n ⊂ p n (sN M∞ (Q) ′′ )p n = sN pnM∞pn (p n Qp n ) ′′ is amenable for all n and we conclude that N M∞ (Q) ′′ is amenable as well.
